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SOLUTION OF A NONLINEAR INTEGRODIFFERENTIAL EQUATION
BY THE METHOD OF UPPER AND LOWER FUNCTIONS

by
P. K, Zeragiia

ABSTRACT

The nonlinear integrodifferential equation

" % [

Y () = Flxd [ x, e, 9(e), 5" (6) Jae (1)
a

is considered. The problem is to find a function, y(x),
that has continuous first- and second-order derivatives in
the closed interval [a,b], and in this interval satisfies
Eq. (1) and the boundery conditions y(a) = y, and y'(a) - y;,
where a, b, y,, and y, are given numbers. With the aid of
some functional inequalities, sequences of upper and lower

functions are constructed for certain conditions of the
functions F and K. It is shown that these sequences con-
verge to the solution of Eq. (1) for any given finite

interval [a,b].

1. Let us consider a nonlinear integro-

differential equation of the form

¥y (x) = F{x,A T Kx,e,y9e),y'(e)Jael . ()
a
Let us set up the problem of finding the
function, y(x), that is continuous, that has
continuous first- and second-order derivatives in
the interval [a,b), and that in this range satis-
fies Eq. (1) and the initial conditions

y(a) =y, and y'(a) ey, ()

where a, b, y , and y; are given numbers.

Using the method of contractive mappings,
Zhenkhen1 proved the existence of a unique solution
of Eq. (1) with a fixed upper limit of an integral
and for a sufficiently small |A|(b - a). In this
study, with the help of functional inequalities,

we set up, for definite conditions of the functions

F and K, sequences of upper and lower functions
that converge to the desired solution of Eq, (1)
in any finite interval (a,b].

We assume that the right-hand part of Eq. (1)
fulfills the following conditions,

a. The function F(x,u) is continuous and
limited together with the derivative Fu and
satisfies the condition XFu >0 in the region
D=f{aZx=b, -C<y<],

b. The function K(x,t,y,y') is continuous
and limited together with the derivatives Ky and
K ¢+ that satisfy the conditiouns Ky >0 and
Ky: Z 0 in the region

Bef{astsSxsb, -®©<y, y' <]}

2. Given the above conditions, the following

propositions are valid,

Theorem 1. If the function z(x) is continuous and

has continuous first- and second-order derivatives



in the 1nterva1[a,b], it satisfies the initial
conditions of Eq. (2) and the inequality

X
2’ (x) > F{x,\ [ Klx,t,2(e),2'(t)de
a

(a=x=D) . (3)

Then

z(x) > y(x) npu xe(a,b)  , (%)
where y(x) is the continuous function having con-
tinuous first- and second-order derivatives in the
interval [a,b], and satisfying Eq. (1) and the
initial conditions of Eq. (2).

Proof. We will get z'(a) > y'(a) from Egs. (1)
and (3). By virtue of the continuity of the de-
rivatives z"(x) and y”(x), the inequality

z"(x) > y"(x) occurs in some neighborhood,

[a,a + €], of the point x = a, where ¢ > 0. Now
we will prove that the inequality z”(x) > y"(x)
occurs for all xc[a,b].

Let us assume the contrary. Let X > a be the
first of the points of the interval [a,bl, where
z'(;) - yﬂ(;) and, consequently, z'(x) > y”(x) at
a = x <x. Then, by virtue of Eq. (2), we also
have z'(x) > y'(x) and z(x) > y(x) at xe¢(a,X).

From Eqs. (1) and (3), we get, using the

formula of finite increments,

z2'(y) - ¥y (x) > F

X, A f K[x,t,z(c),z'(t)]dc]
a
x
- F‘x,)\ J xfx,c,y(t),y'(t)]dc‘
a
* T 1 ‘&)
- uu£ x,t,z(t),z (t)
- l{xvt’y(t))y'(t)]ldt
- XF*T K" [z(e) - y(t))
u a Yy

+ x;ltz’m - y'(c)l]dc , 5)

* * *
where F“, xy, and Ky' designate the mean values of
the derivatives Fu, Ky, and Kyl, respectively.
From the inequality of Eq. (5), we will get

at x = X

" " — * *
@ -y > [

J (g L2e)-y(e))

dt >0 , (6)

+ K0z [2'(e) - y'(0)

The last inequality contradicts our assump-
tion. Therefore, we have the inequality z'(x) >
y”(x) for all xel[a,b), and, consequently, z'(x) >
y'(x) and z(x) > y(x) at xela,b].

Analogously proved is
Theorem 2. If the function v(x) is continuous
and has continuous first- and second-order de-
rivatives in the interval [a,b], it satisfies the

initial conditions of Eq., (2) and the inequality

vi(x) < F

x,A "[{ Kx,t,v(e),v’/(t)lde
a

(a= xS D) . ()]

Then
v(x) < y(x) at xe[a,b].

The functions z(x) and v(x) that satisfy the
inequalities of Eqs. (3) and (7) and the initial
conditions of Eq. (2) will be called, respectively,
the upper and lower functions for a solution of
Eq. (1).

3. It is easy to see that the inequality
z(x) > v(x) at xe[a,b] always occurs for the upper
and lower functions.

We will show first that the sets of upper and
lower functions are not empty. To do this, we
assume that

sup |K(x,t,y,y")| =~ M at (x,t,y,y')eB. (9

Then it is not difficult to show that the following
will, for example, be the upper function.

w(x) =y + yo' (x-a)



o~

X
+ [ (x - &) FlE A1) (E - a)lag . (10)
a

It follows from Eq. (10) that w(a) = Y, and
w'(a) - y;. On the other hand, using the formula
of finite increments, we will get

X
w'(x) - Fix, [ K[x,t,w(t),m'(t)]dt‘
a

a

.9 X
= F[x,x f (M+1)dc] - F{x,x I xfx,t,w(t),w'(t)]dt‘
a

% X ,
= My { I“ +1 - Kk [x,c,0(e),0 (t)]]dc > 0.

Thus, w(x) is shown to be the upper function., The
lower function {8 constructed analogously.

4. We will now use the method of successive
approximations to construct sequences of the upper
and lower functions {zn(x)} and {vn(x)}, which are
uniformly convergent to the desired solution of
Eq. (1).

Let us assume that the arbitrary upper and
lower functions, z,(x) and v, (x), are found. As
the above discussion shows, such functions can
always be selected.

Then we have

X
2, (x) > r‘x,x g K[x,t,zo(t),z;(t)]dt\, (1)
a

X
vo(x) < F[x,k J K[x,t,vb(t),v;(t)]dt‘, (12)
a
and
z, (x) > y(x) > v,(x) at xe(a,b). (13)

Now let us analyze the functions zl(x) and

vl(x).

z (x) =y, +y/(x- a)

x
+{ (x-E)ng,X } K, t,2,(t),z,(t) JdejaE (14)
a a

and

v(x) =y + y:(x - a)

X
+f (x-g)F'g,x T KE,t,v (t),v, (t)]dedE , (15)
a a

It follows from Eq. (14) that

z(a) =y, z/(a) =y (16)
and

20 (x) = Flx,\ T Kx,t,z (£),z (e)1de} . (17)

a

From Eqs. (11) and (17), we have

z2g(x) - z;(x) >0 and xela,b]. (18)
But, because

z,(a) - z (a) =0, and 2z (a) - z/(a) = 0,
we will get from Eq. (18)

z(x) > z/(x) at z (x) > z, (x)

and xela,b] . (19)

Then, using Eqs, (17) and (19) and the formula
of finite increments,
Y x
2] (x) - plx,x S Kx,t,z,(0),20(t) ]at
a
x
= Fix,A [ Klx,t,z,(€),z5(t) \de
a

x
- Fix,\ I fo,t,z,(t),z:(t)]dt\
a

Jo *
= \F, I ‘Kytzo(t) -z (t)]

+

K;l[z;(t) - z/(t)]

dt > 0. (20)




It follows from Eqs. (16), (19), and (20)
that z (x) is the upper function, and that
z,(x) >z (x). It is established analogously that
vi(x) is the lower function and that vo(x) < v, (x)
at xc[a,b].

Continuing this process and using the method
of complete mathematical induction, we construct
sequences of the upper and lower functions,
{zn(x)] and [vn(x)}, that satisfy the inequalities

Zo(x) > 2, (x) > ... >z (x) > ... >y(x), (21)

and

Vo(x) € v (x) < ... v (x) <... <y(x), (22)

x€(a,b),
where

zn(x) =y, + y;(x - a)

X
+] (x-e)r[;,x I xts,c.zn-l(c),z,’,_l(n]d:ldg . (23)

a

and

V() =y, + y:(x - a)

+I (x-%)r{g.x i K [s,c,vn_l(:),v,’,_l(t)]dc‘d§ » (26)

n=12,..., as=x=b,

In addition, as discussed, the inequalities
z(x) > v(x) and z'(x) > v’/(x) at vela,b] always
occur for any palr of the upper and lower functions
z(x) and v(x).

In this manner, we will construct a mono-
tonically decreasing sequence of the upper and
lower functions. But, because we have vn(x) <
w(x) at xe{ a,b] for any n, the sequence {vn(x)}
converges, Analogously, we verify the convergence
of the sequences {zn(x)}, {z:‘(x)}, and [v:‘(x)}.

5. Let us show that the sequences {zn(x)],

{Vn(x)]. [z;(x)}, and {v;(x)} at n - OO converge

uniformly in the interval [a,b]. To do this, we
introduce the following designations. Let 6o be
the greatest of the numbers

sup {zo(x) - v, (x)] and sup [z;(x) - vl (%))

at a £ x = b,

Let N be the greatest of the numbers
8 K d s K
up y and sup y'
in the region B,, where
B,={ast=x=b,

vo(x) = y(x) = z,(x),

)

v;(x) y'(x) = z;(x)},
and

sup XFu(x,u) = P,

in the region D.
Then, from Eqs. (14) and (15), we will get

zl(x) A (%)

X
-{ (x - %)XF:(E)dg i x; [zo(t) - v, (1))

3
+ K0 Lzg(e) - v;(t)]\d: <2,y {xa)

and

z:(x) - v:(x)

* *
AF (£)dE i lxy Cz,(t) - v (t)]

P

2
+ K;, [z;(t) - vi(t)] l dt < 26 PN {x - . ;,q

Analogously, from Eqs, (23) and (24) at n = 2, we
will get




z,(x) - v, (x)
3

X * *
= [ (x-E)NF (E)dE | {K Lz, (t) - v, (0)]
a a y

+ K;l[z:(t) - v:(t)]\dt

5
< 28 P2 %)—G‘ — 1> ,

and

z;(x) - v;(x)

[ eyt ]

* *
AF (€)dS z ‘Ky (z,(t) - v,(0)]
L) )
+ Kyl[zl(t) - v‘(t)]\dt

4
< zsopznz %j—a)—<"—;—a + 1> ]

Assuming that b ; 241 = L, we will have
5
2, (%) - v,(x) <26 LPN 1—’—‘5—;‘-)— , (25)

and

4
z/(x) - v/(x) < 28,L8°N Q‘Z—I—-a—)— . (26)

Using the method of complete mathematical

induction, we will obtafin

28, [JIPN (x-a)7?™1!

- 5 (27
20 - V00 < — Y @7
and
, , 28, [ /IPN(x-a)]%"
zn(x) - vn(x) < < —(2;‘)—!———— . (28)

n=1,2,3, ...

From these inequalities, it follows, in turn,
' ‘
mnzéﬂ-véw»OMd%u) %W%Wat
n - uniformly in the interval [a,b]. Similarly,
- - ’
2 (X)>F(x), v (%) y(x), z;(x)—no(x), and v (x)-

w(x) at n»" uniformly in the interval (a,b].

However, because the upper and lower functions are
continuous in the interval [a,b], the limiting
function Y(x) is also continuous in the same inter-
val. Analogously, w(x), xe[a,b] is a continuous
function,

Turning to the limit in Eq. (23) and the
equation
x £
z"‘(x) = y(: + { F‘g,x ‘z x{s,:,zn_l(t)]dc\dz ,

we will get

¥(x) =y, +y.(x - a)

X
+ [ (x - t.:)rts,x } x[g,c,;(:),w(:)]dc‘dg ,
a

a
and
x S
w(x) =y, +y FIEX [ K Ei,c,y'(c).w(c)]dc]dg .
a a
Hence it follows that
w(x) = §(x) ,
and
-— X -
Y (x) + Fix, A [ R [x, 6, 5(8),5/(e) Jae .
a

Because the function y(x) satisfies the
initial conditions y(a) = y, and y(a) = y;, it
is the desired solution of Eq. (1).

6. Finally, we will show that our solution
of Eq. (1) which satisfies the initial conditions
of Eq. (2) is unique, Indeed, we will assume that
two solutions, ?l(x) and ¥, (x), exist. Let us

designate by 8 the greatest of the numbers
sup |3, (0) - 5,(0)| and sup |5/(0) - /(o] ,

in the tnterval [a,b]. Then we will get, com-
pletely analogously to the foregoing,

25 [\/LPN(x-a)]2m+1
(2m + 1)! ’

17,0 - 3,00} <
L,/LPN

(m = 1,2, ...) .(29)



From the inequality of Eq. (29), proceeding to the Thus we have proved the existence of a unique
limit at m -0, we will obtain solution of Eq. (1) which satisfies the initial
conditions of Eq. (2) in any finite interval [a,b].

It

17,0 - 50| s0acasxsb,
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